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SIGNATURES OF ITERATED TORUS LINKS
S. Yu. Orevkov
Abstract. We compute the multivariate signatures of any Seifert link (that is a
union of some fibers in a Seifert homology sphere), in particular, of the union of a
torus link with one or both of its cores (cored torus link). The signatures of cored
torus links are used in Degtyarev-Florens-Lecuona splicing formula for computation
of multivariate signatures of cables over links. We use Neumann’s computation of
equivariant signatures of such links.
For signatures of torus links with the core(s) we also rewrite the Neumann’s
formula in terms of integral points in a certain parallelogram, similar to Hirzebruch’s
formula for signatures of torus links (without cores) via integral points in a rectangle.
1. Introduction
An iterated torus link in the 3-sphere S3 is a link obtained from the unknot by
successive cabling operations either with the core removed or retained (see §3 for a
precise definition). The most important examples are links of singularities of plane
complex analytic curves, and links at infinity of plane affine algebraic curves.
If K is an iterated torus knot, the Levine-Tristram signatures σζ(K) (defined as
the signature of (1 − ζ)V + (1 − ζ¯)V T for a Seifert matrix V ) can be recursively
computed using:
• Hirzebruch’s formula (see [1; §6], [13; §4]) which expresses the signatures of
a torus knot T (p, q) in terms of integral points in the rectangle p× q;
• Litherland’s formula [12; Thm. 2] which expresses the signatures of a (p, q)-
cable of any knot K via those of K and T (p, q)
To extend this approach to iterated torus links, it is natural to consider a multi-
variate generalization of the Levine-Tristram signatures discussed in [3, 6, 10, 17].
In [6, 7], an analog of the Litherland’s formula is obtained for cables over links.
It expresses the multivariate signatures of a cable over L via those of L and those
of the union of a torus link with one or both of its cores (the link Tm1,m2(p, q),
m1, m2 ∈ {0, 1}, in the notation of §9 below), but the latter signatures have been
unknown.
The initial aim of this paper was to fill this gap and to compute the multivariate
signatures of Tm1,m2(p, q). This (and a little more) is done in Proposition 10.1 which
reduces the multivariate signatures of any Seifert link (in particular of Tm1,m2(p, q))
to Tristram-Levine signatures of this link. The latter were already computed by
Walter Neumann in [14], [15].
More precisely, In Proposition 10.1, for any positive Seifert n-component link L
(that is a union of n positively oriented fibers in a Seifert homology sphere), we
show that its multivariate signature σL considered as a function on the open cube
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]0, 1[
n
, is constant on each member of a family of parallel hyperplanes transverse
to the main diagonal, so, all values of σL are determined by the values on the
main diagonal, which coincide with the Levine-Tristram signatures up to a certain
additive constant. The proof of Proposition 10.1 is based on the splice formula
for multivariate signatures (which is the main result of [6]) combined with the
observation that a Seifert link can be spliced in many different ways.
In Proposition 9.1 we show that in the case of a torus link Tm1,m2(p, q), the
Neumann’s formula can be rewritten in such a way that it becomes almost identical
with the Hirzebruch’s formula but the parallelogram spanned by (p+m1, m2) and
(m1, q +m2) is used instead of the p× q rectangle.
In §§2–8 we give necessary definitions and results from [6–8, 9, 13–15]. In §9 we
prove Proposition 9.1; in §10 we prove Proposition 10.1; in §11 we consider some
examples and formulate some questions for further research.
Acknowledgement. I am grateful to Alexander Degtyarev and Vincent Florens
for useful discussions.
2. Splicing and splice diagrams (after Eisenbud and Neumann)
Let (Σ′, K ′ ∪ L′) and (Σ′′, K ′′ ∪ L′′) be two links in homology spheres. Here K ′
and K ′′ are components of the respective links. Let T (K ′) and T (K ′′) be their
tubular neighbourhood disjoint from L′ and L′′ respectively.
Definition 2.1. The splice of (Σ′, K ′ ∪ L′) and (Σ′′, K ′′ ∪ L′′) along K ′ and K ′′
is introduced in [9] (see also [15], [6]) as (Σ, L′ ∪ L′′) where Σ = (Σ′ \ T (K ′)) ∪ϕ
(Σ′′ \ T (K ′′)) and ϕ : T (K ′) → T (K ′′) is a homeomorphism which identifies the
meridian of K ′ with the longitude of K ′′ and vice versa.
...
Figure 1. Seif(0, 1, . . . , 1) (called in [6] a generalized Hopf link)
Let a1, . . . , an be positive pairwise coprime integers. Following [9, 15], we define
Seifert link Seif(a1, . . . , an) to be the link (Σ, S1∪· · ·∪Sn) where Σ = Σ(a1, . . . , an)
is the unique Seifert fibered homological 3-sphere which has fibers S1, . . . , Sn of
degrees a1, . . . , an and no other fibers of degree > 1 (see [9, §7] for a detailed con-
struction). The orientation of Σ is chosen so that all the linking numbers lk(Si, Sj),
i 6= j, are positive. This definition extends to the case when a1, . . . , an are any
pairwise coprime integers by setting
Σ(a1, . . . ,−ai, . . . , an) = −Σ,
Seif(a1, . . . ,−ai, . . . , an) = (−Σ, S1 ∪ · · · ∪ (−Si) ∪ · · · ∪ Sn),
and Seif(0, 1, . . . , 1) to be the link in the 3-sphere shown in Figure 1. Finally, we
define
Seif(a1, . . . , ak; ak+1, . . . , an) = (Σ, S1 ∪ · · · ∪ Sk), (1)
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Figure 2. The splice diagram of Seif(a1, . . . , ak; ak+1, . . . , an).
that is Seif(a1, . . . , an) with the last n− k components removed.
As shown in [9], any graph link in a graph homology sphere (i.e., a graph manifold
which is a homology sphere) can be obtained as the result of splicing together Seifert
links. The way of splicing is encoded in [9] by certain decorated trees (or forests)
called splice diagrams. The splice diagram of εSeif(a1, . . . , ak; ak+1, . . . , an), ε =
±1, is the graph in Figure 2 if ε = +1. If ε = −1, then we use the white color
for the central vertex. If the orientation of some component is reversed, we put
the minus sign near the corresponding arrowhead vertex (if the sign is not shown,
we assume that it is plus). The splicing of (Σ′, L′ ∪K ′) with (Σ′′, L′′ ∪K ′′) along
K ′ and K ′′ has the splice diagram Γ′−−−Γ′′ where Γ′−→ and ←−Γ′′ are the
splice diagrams of the links being spliced and the indicated arrowheads correspond
to K ′ and K ′′ respectively.
Let −Γ denote the diagram Γ with the opposite signs of all the arrowhead ver-
tices.
Theorem 2.2. (See [9, Thm. 8.1].) Two splice diagrams determine the same link
if and only if they are obtained from each other by a sequence of the following
equivalences:
(1) Γ ≈ −Γ,
(2) Γ>•−−−−Γ′
a
≈ Γ>◦−−−−−Γ′
−a
(3) Γ>•−−−−−−• ≈ Γ>•
1
Γ′−−−−•−−−−Γ′′
a′ a′′
≈ Γ′−−−−−−Γ′′
(4)
Γ1
1\... •−−−−•
1/ 0
Γn
≈
Γ1 −−−•
...
Γn−−−•
(disjoint union)
(5) Γ ≈ Γ •−−−−• (disjoint union);
(6)
Γ1 Γk+1
a1\ /ak+1... •−−−−−−−−•
...
ak/ b1 b2 \an
Γk Γn
≈
Γ1 Γk+1
a1\/ak+1... •
...
ak/\an
Γk Γn
if
∏
i≤k
ai = b2 and
∏
i>k
ai = b1.
Proposition 2.3. (See [9, §10].) Let (Σ, S1 ∪ · · · ∪ Sk) be as in (1). Then the
linking numbers are lk(Si, Sj) = a1 . . . aˆi . . . aˆj . . . an, 1 ≤ i < j ≤ k (as usual, the
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hat means the omission of the corresponding factor).
In fact, in [9, §10], the linking numbers are expressed in terms of a splice diagram
for any graph link in a graph homology 3-sphere.
3. Cabling and iterated torus links
Given an oriented link L ∪ K in a homology sphere Σ where K is a knot and
a pair of integers (p, q) 6= (0, 0), we set d = gcd(p, q), p1 = p/d, q1 = q/d, and we
define the (p, q)-cabling of L∪K along K with the core removed (resp. with the core
retained) as L∪Lp,q (resp. L∪K ∪Lp,q) where Lp.q is the union of d disjoint knots
K1 ∪ · · · ∪Kd such that for some tubular neighbourhood T of K disjoint from L,
one has Kj ⊂ ∂T , [Kj] = p1[K] ∈ H1(T ), and lk(Kj, K) = q1 for each j = 1, . . . , d.
An iterated torus link in S3 is defined as a link obtained from the unknot by
successive cabling. Note that reversion of orientation of a component is equivalent
to the (−1, 0)-cabling with the core removed.
The (p, q)-cabling of (Σ, L∪K) along K with the core retained (resp. removed)
is equivalent to the splicing of (Σ, L ∪K) with
Seif(q1, 1, . . . , 1︸ ︷︷ ︸
d
, p1) (resp. with Seif(q1, 1, . . . , 1︸ ︷︷ ︸
d
; p1))
along (K,S1) where S1 is the component corresponding to the weight q1 (see [9,
Prop. 9.1] and the paragraph after it).
4. Multivariate link signatures
Let L be an oriented link in a homology sphere Σ and let V be the Seifert
form on a connected Seifert surface. Let ζ ∈ C \ {1}, |ζ| = 1. Then the Levine-
Tristram signature σζ(L) and nullity nζ(L) are defined as the signature and nullity
of (1− ζ)V + (1− ζ¯)V T .
Let S1 be the unit circle in C and let T = {e2πiθ | θ ∈ Q and 0 < θ < 1} ⊂
S1 \ {1}. Let L1, . . . , Lµ be the components of L. A multivariate signature and
nullity of L defined in [3, 6, 10] are functions σL, nL : T
µ → Z. As shown in [17]
(see also [5]), these functions can be defined on (S1 \ {1})µ. It is natural to extend
them to (S1)µ by interpreting the value 1 of the i-th argument as the removal of Li
(see [6, 7]).
Remark 4.1. In fact, the multivatiate signatures are defined in [3, 10, 17] for any
colored link, i.e., a link L with a fixed decomposition into a disjoint union of sublinks
(not necessarily connected) L = L1 ∪ · · · ∪Lµ. In this case the i-th argument of σL
and nL corresponds to Li. In this paper we consider only the case when each Li
is connected. However, everything can be easily extended to the case of arbitrary
colored links due to [3, Prop. 2.5].
We refer to [17], [5], or [8] for a definition of σL and nL. Here we just mention
some properties of them.
Proposition 4.2. (See [3, Prop. 2.7].)
σL(u1, . . . , uµ) = σL(u
−1
1 , . . . , u
−1
µ ),
nL(u1, . . . , uµ) = nL(u
−1
1 , . . . , u
−1
µ ).
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Proposition 4.3. (See [3, Prop. 2.8].) Let L′ be obtained from L = L!∪· · ·∪Lµ by
reversing the orientation of Li. Then σL(u) = σL′(u
′) and nL(u) = nL′(u
′) where
u = (u1, . . . , uµ) and u
′ = (u1, . . . , u
−1
i , . . . , uµ).
Proposition 4.4. (See [3, Prop. 2.5].) Let λ ∈ S1 \ {1}. Then
σλ(L) = σL(λ, . . . , λ)−
∑
1≤i<j≤µ
lk(Li, Lj), nλ(L) = nL(λ, . . . , λ).
The following fact is proven in [3] for links in the 3-sphere only but the proof
extends (with certain efforts) to links in any homology sphere.
Proposition 4.5. (See [3].) There exists a matrix A = A(t1, . . . , tµ) whose entries
are Laurent polynomials and such that:
• the multivariate Alexander polynomial ∆L(t1, . . . , tn) is equal to detA up
to some factors of the form ±t±1i or ±(ti − 1);
• for any u ∈ (S1 \ {1})µ, the signature and nullity of A(u) are σL(u) and
nL(u) respectively.
Corollary 4.6. If the multivariate Alexander polynomial ∆L(t1, . . . , tµ) is not
identically zero, then σL is constant on each connected component of the comple-
ment of the zero set of ∆L in (S
1 \ {1})µ.
The following fact should be known and it is easy to prove.
Lemma 4.7. Let A(t) = (aij(t)), t ∈ R, be a Hermitian matrix such that Re aij
and Im aij are real analytic functions of t. Suppose that detA(t) has a simple root
at t = t0, and there are no other roots in an interval (t0 − 2ε, t0 + 2ε). Let s0 and
s± be the signature of A(t) at t = t0 and t = t0±ε respectively. Then |s+−s−| = 2,
s0 = (s+ + s−)/2, and the nullity of A(t0) is 1. 
By combining Proposition 4.5 with Lemma 4.7, we obtain:
Corollary 4.8. Let u = (u1, . . . , uµ) ∈ (S
1 \ {1})µ be such that the gradient of
∆L(t1, . . . , tµ) at u is non-zero. Then, for a small neighbourhood U ⊂ (S
1 \ {1})µ
of u, the restrictions σL|U and nL |U depend only on the sign of ∆L, and one has
|s1 − s−1| = 2, s0 = (s1 + s−1)/2, n±1 = 0, and n0 = 1 where st = σL|Ut and
nt = nL |Ut for Ut = U ∩ {sign∆L = t}, t = −1, 0, 1.
5. Multivariate signatures of a splice
(after Degtyarev, Florens and Lecuona)
For ℓ = (ℓ1, . . . , ℓµ) ∈ Z
µ, we define the defect function δℓ : (S
1)µ → Z by setting
δℓ(u1, . . . , uµ) = ind
(∑
ℓi Log ui
)
−
∑
ℓi ind(Log ui)
(see Figure 3) where Log : S1 → [0, 1[ and ind : R→ Z are defined by
Log(e2πit) = t, ind(x) = ⌊x⌋ − ⌊−x⌋.
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1
−1
0
0
0 0
0
0
0 0
−1
1
2
−2
−1
1
0 0
1 0
−2
2
34
−3
−4
0 −1
−1
−11
1
2
−2
δ1,1(u) δ1,2(u) δ2,3(u)
Figure 3. The values of δℓ on (S
1)2 for ℓ = (1, 1), (1, 2), and (2, 3).
Let (Σ, L′ ∪ L′′) be the splice of (Σ′, K ′ ∪ L′) and (Σ′′, K ′′ ∪ L′′) along K ′ and
K ′′ (see Definition 2.1). Let L′1, . . . , L
′
µ′ and L
′′
1 , . . . , L
′′
µ′′ be the components of L
′
and L′′ respectively. Let ℓ′ and ℓ′′ be the vectors of linking numbers
ℓ′ =
(
lk(K ′, L′1), . . . , lk(K
′, L′µ′)
)
, ℓ′′ =
(
lk(K ′′, L′′1), . . . , lk(K
′′, L′′µ′′)
)
.
Theorem 5.1. (a). (See [6, Thm. 2.2], [7, Thm. 5.2].) Assume that L′ and L′′
are non-empty. Let u′ ∈ (S1)µ
′
and u′′ ∈ (S1)µ
′′
be such that (v′, v′′) 6= (1, 1) where
v′ = (u′)ℓ
′
and v′′ = (u′′)ℓ
′′
. Then
σL′∪L′′(u
′, u′′) = σK′∪L′(v
′′, u′) + σK′′∪L′′(v
′, u′′) + δℓ′(u
′)δℓ′′(u
′′),
nL′∪L′′(u
′, u′′) = nK′∪L′(v
′′, u′) + nK′′∪L′′(v
′, u′′).
(b). (See [6, Addendum 2.7].) Assume that L′ = ∅ and L′′ 6= ∅. Then, for any
u ∈ (S1)µ
′′
one has
σ(Σ,L′′)(u) = σK′(u
λ′′) + σK′′∪L′′(u),
n(Σ,L′′)(u) = nK′(u
λ′′) + nK′′∪L′′(u).
In the case when (v′, v′′) = (1, 1), Theorem 5.1(a) does not apply but the signa-
ture and nullity of the splice can be however often computed by the same formulas
with a correction term which ranges in [−2, 2]. The correction term is a function
of the values of a certain invariant called slope evaluated on each of the splice
components, see details in [7, 8] (see also Question 11.1 below).
6. Equivariant link signatures
Another kind of link signatures considered in this paper are equivariant sig-
natures σ±λ . We define them for fibered links only though the definition can be
extended to the general case (see surveys [4], [11]). So, let L be a fibered link, F
be the fiber (in particular, ∂F = L), and h : H1(F ) → H1(F ) be the monodromy
operator. Then the one-variable Alexander polynomial ∆L(t) is the characteristic
polynomial of h. Let H = H1(F ) ⊗ C and let H =
⊕
λHλ be the splitting of H
according to the eigenvalues of h. Let l be the Seifert form on H1(F ) extended to
a sesquilinear form on H. Then σ+λ (resp. σ
−
λ ) is defined as the signature of the
hermitian form l + l∗ (resp. i(l − l∗)) restricted to Hλ.
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Proposition 6.1. (See [13], [14].) For any fibered link L, we have:
(a). σ+λ = σ
+
λ¯
and σ−λ = σ
+
λ sign Imλ, in particular σ
−
λ = −σ
−
λ¯
and σ−±1 = 0;
(b). if |λ| 6= 1 or λ is not a root of the Alexander polynomial, then σ+λ = σ
−
λ = 0;
(c). Let ω = eiϕ, 0 < ϕ ≤ π. If h is semisimple or ω is not a root of ∆L(t),
then the Levine–Tristram signature and nullity are
σω(L) = σ
+
ω + 2
∑
0≤θ<ϕ
λ=eiθ
σ+λ and nω(L) = dimHω,
i.e., nω(L) is the multiplicity of ω as a root of ∆L(t).
Remark 6.2. The orientation conventions in [13] and those in [14, 15] are
different. In [13] they are chosen so that l∗h = l whereas in [14, 15] so that lh = l∗.
By this reason, the signs of σ−λ in these sources also differ. We use the convention
from [13] which seems to be more common nowadays.
7. The sawtooth function and an identity for it
Let
((x)) =
{ 1
2 − x+ ⌊x⌋, x 6∈ Z
0, x ∈ Z
where ⌊x⌋ = max{n ∈ Z | n ≤ x} is the integer part of x. Let, for a set Ω,
1Ω(x) =
{
1, x ∈ Ω,
0, x 6∈ Ω.
Lemma 7.1. Let x, y, z1, . . . , zn ∈ R. Suppose that x + y + z1 + · · ·+ zn = s ∈ Z
and 0 < zi < 1 for all i = 1, . . . , n. Then
((x)) + ((y)) + ((z1)) + · · ·+ ((zn)) = n/2−#
(
Z ∩ ]x, s− y[
)
− 121Z(x)−
1
21Z(y).
z1 + · · ·+ zn
0
1 ⌊x⌋
x s−y
s−⌊y⌋
s
Figure 4
Proof. We consider the case x, y 6∈ Z and we leave the other cases to the reader.
Since ⌊z1⌋ = · · · = ⌊zn⌋ = 0, the left hand side is equal to
n+ 2
2
− (x− ⌊x⌋)− (y − ⌊y⌋)−
∑
zi =
n+ 2
2
− s+ ⌊x⌋+ ⌊y⌋
and we have 1 + #
(
Z ∩ ]x, s− y[
)
= (s− ⌊y⌋)− ⌊x⌋ (see Figure 4). 
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8. Neumann’s formula for equivariant signatures of Seifert links
Let L = Seif(a1, . . . , ak; ak+1, . . . , an) with positive a1, . . . , an. We set:
mj =
{
1, j ≤ k,
0, j > k,
a′j = (a1 . . . an)/aj, m =
n∑
j=1
mja
′
j . (3)
Let us choose b1, . . . , bn so that bja
′
j ≡ 1 mod aj for each j = 1, . . . , n, and let
sj = (mj − bjm)/aj , j = 1, . . . , n.
Theorem 8.1. (Neumann [14, 15].) The link L is fibered, its monodromy operator
is semisimple, and one has: σ+1 (L) = 1− k, σ
+
−1(L) = 0, and, for λ 6= 1,
σ−λ (L) =
{
−2
∑n
j=1 ((sjk/m)) if λ = exp(2πik/m) with k ∈ Z,
0 otherwise
where (( . . . )) is the sawtooth function defined in §7.
Recall that the sign of σ−λ in [14, 15] is opposite, see Remark 6.2.
Corollary 8.2. For ω = eiϕ, 0 < ϕ ≤ π, one has
σω(L) = 1− k + σ
−
ω (L) + 2
∑
0<θ<ϕ
λ=eiθ
σ−λ (L)
and nω(L) is equal to the multiplicity of ω as a root of ∆L(t).
By [9, Thm. 12.1], if k ≥ 2, the multivariate Alexander polynomial of L is
∆L(t1, . . . , tk) =
(
t
a′
1
1 . . . t
a′k
k − 1
)n−2 n∏
j=k+1
(
t
a′
1
/aj
1 . . . t
a′k/aj
k − 1
)−1
(7)
and hence the one-variable Alexander polynomial is ∆L(t) = (t − 1)∆L(t, . . . , t).
(If k = 1, then the right hand side of (7) should be multiplied by t1 − 1.) The
formula (7) is a specialization of a general formula given in [9] for the Alexander
polynomial of any graph multilink in a graph homology sphere.
Remark 8.3. In fact, the results of [15, Thms. 5.1–5.3] are much stronger than
Theorem 8.1: for any algebraic link (not only for positive Seifert links) a decom-
position of the Hermitian isometric structure into irreducible factors is computed
there, which includes a description of the Seifert form up to congruence over C
(there is a misprint in [15, Thm. 5.3]: the factor i should be omitted in the Seifert
part of Λ2λ).
9. Hirzebruch-type formula for signatures
of a torus link with the core(s)
Given four integers a, b, c, d with ad− bc > 0, we denote the open parallelogram
in R2 spanned by the vectors (a, b) and (c, d) by Π = Π(a, b, c, d). Thus
Π(a, b, c, d) = {s(a, b) + t(c, d) | 0 < s < 1 and 0 < t < 1}.
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Let u : R2 → R be the linear function such that u(a, b) = u(c, d) = 1. For 0 ≤ θ < 1,
we set (see Figure 5):
N−θ = N
−
θ (a, b, c, d) = #{(x, y) ∈ Z
2 ∩ Π | θ < u(x, y) < θ + 1},
N+θ = N
+
θ (a, b, c, d) = #{(x, y) ∈ Z
2 ∩ Π | u(x, y) < θ or θ + 1 < u(x, y)},
M−θ =M
−
θ (a, b, c, d) = #{(x, y) ∈ Z
2 ∩Π | u(x, y) = θ + 1},
M+θ =M
+
θ (a, b, c, d) = #{(x, y) ∈ Z
2 ∩Π | u(x, y) = θ}.
u(x,y) = θ
u(x,y) = 1 + θ
Nθ
+
Nθ
+
u(x,y) = 1
c,d( )
a,b( )θ
+M
θ
−M
Nθ
−
A
B
a+c,b+d( )
(0,0)
Figure 5. Definition of N±θ and M
±
θ
Let p and q be positive integers (not necessarily coprime) and letm1, m2 ∈ {0, 1}.
We define the torus link Tm1,m2(p, q) as the intersection of the unit sphere in C
2 with
the algebraic curve {(z1, z2) | z
m1
1 z
m2
2 (z
p
1 − z
q
2) = 0} endowed with the boundary
orientation induced from the intersection of the curve with the unit ball, thus the
linking number of any two components is positive. If m1 = m2 = 0, this is the
torus link T (p, q).
Proposition 9.1. Let (a, b) = (p, 0)+(m1, m2) and (c, d) = (0, q)+(m1, m2). Then
the equivariant signature and Levine-Tristram signature and nullity of Tm1,m2(p, q)
at λ = e2πiθ for 0 < θ < 1 are:
σ−λ =M
+
θ −M
−
θ , σλ = N
+
θ −N
−
θ −m1 −m2, nλ =M
+
θ +M
−
θ
where N±θ = N
±
θ (a, b, c, d), M
±
θ =M
±
θ (a, b, c, d).
Remark 9.2. In the case m1 = m2 = 0 this is Hirzebruch’s formula (see [1; §6] for
θ = 1/2 and [13; §4] for any θ).
Remark 9.3. In [16; Prop. 8.1], I gave the following formulas for the signature
and nullity of the braid closure L of the braid ∆n with 2k + 1 strings:
σ(L) = σ−1(L) =
{
−nk(k + 1) + (−1)(n−1)/2 if k ≡ n ≡ 1 mod 2,
−nk(k + 1) otherwise,
n(L) = n−1(L) =
{
2k if n ≡ 0 mod 4,
0 otherwise.
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a1 a2
m2(     )m1(     )
n
1 1
. . .
Figure 6. Splice diagram of Tm1,m2(na1, na2)
For a proof I gave just a reference to [15]. Now Proposition 9.1 provides missing
details of the computation because the link in question is T0,1(nk, 2k).
Remark 9.4. If m1 and m2 are any non-negative integers, we define Tm1,m2(p, q)
by the same formula as above but we interpret it as a multilink in the sense of [9,
15]. In this case the equality σ−λ =M
+
θ −M
−
θ and its proof hold true.
Proof of Proposition 9.1.
Let p = a1n and q = a2n where n = gcd(p, q). Then the splice diagram of the
(multi)link Tm1,m2(p, q) is as shown in Figure 6. We have M
+
0 = n − 1, M
−
0 = 0,
and the number of link components is n+m1 +m2 = (M
+
0 −M
−
0 ) + 1+m1 +m2.
It is also easy to check that
N+ϕ −N
−
ϕ = (M
+
ϕ −M
−
ϕ ) + 2
∑
0≤θ<ϕ
(M+θ −M
−
θ ).
Thus, by Corollary 8.2, the computation of σλ reduces to that of σ
−
λ . To compute
σ−λ , we apply Theorem 8.1 with aj = mj = 1 for j = 3, . . . , n + 2. Let the a
′
j , bj ,
and sj be defined as in §8 with the range of the indices appropriately changed. We
have a′1 = a2, a
′
2 = a1, and a
′
j = a1a2 for j ≥ 3 whence
m = m1a2 +m2a1 + na1a2.
Hence the linear function u involved in the definition of M±θ , N
±
θ takes the form
u(x, y) = (a2x + a1y)/m. So, when mθ 6∈ Z, we have M
+
θ −M
−
θ = 0 − 0 = σ
−
θ .
Let us fix θ = k/m with k ∈ Z, 0 < k < m. Then, by Theorem 8.1, we have
σ−θ = −2
∑
((xj)) where xj = sjk/m, j = 1, . . . , n+ 2.
We choose b1 and b2 so that a1b2 + a2b1 = 1 and we set bj = 0 for j ≥ 3. Then∑
bja
′
j = 1, hence
a1 . . . an+2
∑
sj =
∑
(mj − bjm)a
′
j = m−m
∑
bja
′
j = 0
and we obtain
∑
xj =
∑
sjk/m = 0. We have also 0 < xj = k/m < 1 for j ≥ 3.
Thus we may apply Lemma 7.1 which yields
σ−λ = −n+ 2#
{
l ∈ Z | x1 < l < −x2}+ 1Z(x1) + 1Z(x2). (5)
The inequalities x1 < l < −x2 in (5) can be transformed as follows:
x1 < l ⇔ (m1 − b1m)k/m < a1l ⇔ b1k + a1l > m1k/m,
l < −x2 ⇔ (m1 − b2m)k/m < −a2l ⇔ b2k − a2l > m2k/m.
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Since ϕ : t 7→ (b1k + a1t, b2k − a2t) is a parametrization of the line {u = θ} such
that ϕ(Z) = Z2 ∩ {u = θ} and since ϕ(m1k/m) = A and ϕ(m2k/m) = B are the
intersection points of {u = θ} with ∂Π (see Figure 5), we can rewrite (5) in the
form
σ−λ = −n + 2M
+
θ + ∂M
+
θ
where ∂M+θ stands for 1Z2(A) + 1Z2(B). By combining this equation with
n =M−0 +
1
2∂M
−
0 =M
−
θ +M
+
θ +
1
2 (∂M
−
θ + ∂M
+
θ ) and ∂M
+
θ = ∂M
−
θ , (9)
we obtain the desired expression for σ−λ .
Now we apply Corollary 8.2 to compute nλ. By (7) we have
∆L(t) =
(t− 1)(tm − 1)n+m1+m2−2
(tm/a1 − 1)1−m1(tm/a2 − 1)1−m2
and by (9) we have M+θ +M
−
θ = n− ∂M
+
θ . Then in the case (m1, m2) = (1, 1) we
immediately conclude thatM+θ +M
−
θ is the multiplicity of e
2πiθ as a root of ∆L(t).
We leave the cases (m1, m2) = (1, 0) and (m1, m2) = (0, 0) to the reader. 
10. Multivariate signatures of Seifert links
In this section we compute the multivariate signatures and nullities of any
Seifert link with any orientations of its components. Proposition 10.1 combined
with Corollary 8.2 allows to compute σL and nL for any positive Seifert link
L = Seif(a1, . . . , ak; ak+1, . . . , an), ai ≥ 0. Theorem 2.2(2) combined with Proposi-
tion 4.3 allows to reduce the general case to the case of positive Seifert links. Note
that a reversing of orientation of Σ(a1, . . . , an) (switching the color of the central
node of a splice diagram) changes the sign of σL.
In fact, in most cases the computation of σL and nL for a positive Seifert link
immediately follows from the facts formulated in previous sections. Indeed, let us
consider the coordinates (θ1, . . . , θn) on (S
1\{1})n, uj = e
2πiθj , Then the restriction
of σL and nL to the diagonal θ1 = · · · = θn is determined by Theorem 8.1 and
Proposition 4.4. By (7), the zero set of the multivariate Alexander polynomial
is a union of parallel hyperplanes transverse to the diagonal. Thus the extension
of σL and nL from the diagonal to (S
1 \ {1})n is determined by Corollary 4.8
everywhere except the hyperplanes corresponding to the multiple roots of ∆L. Thus
the only thing remaining to do is to extend σL and nL to the multiple components
of {∆L = 0}. This is done using the splicing formula in Theorem 5.1 combined
with the observation that a Seifert link can be spliced in many different ways. Let
us give the exact statement and a formal proof.
Proposition 10.1. Let L = L1 ∪ · · · ∪ Lk = Seif(a1, . . . , ak; ak+1, . . . , an) with
non-negative a1, . . . , an. Let u = (u1, . . . , uk) where uj = exp(2πθj), 0 < θj < 1,
Then σL(u) and nL(u) depend only on the sum
∑k
j=1 a
′
jθj (the a
′
j are as in (3)),
thus
σL(u) = σL(λ, . . . , λ) = σλ(L) +
∑
1≤i<j≤k
lk(Li, Lj)
and nL(u) = nL(λ, . . . , λ) = nλ(L) for
λ = exp(2πiθ), θ =
a′1θ1 + · · ·+ a
′
kθk
a′1 + · · ·+ a
′
k
.
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Proof. If aj = 0 for some j, then (a1, . . . , an) is a permutation of (0, 1, . . . , 1), hence
either L is a trivial k-component link (if j > k; Theorem 2.2(4)), or L is the link in
Figure 1. and then the result follows from [6; Theorem 2.10]. So, we assume that
all aj are positive.
If n = 2, the statement is evident because L is either an unknot or a 2-component
Hopf link. If n = 3, the statement follows from Corollary 4.8 because the multi-
variate Alexander polynomial is of the form (see (7))
∆L(t1, . . . , tk) = f(t
a′
1
1 . . . t
a′k
k − 1)
where f(t) is a polynomial without multiple roots, hence the zero divisor of ∆L
considered as an analytic function of θ1, . . . , θk is a union of parallel hyperplanes
transverse to the main diagonal and taken with multiplicity 1.
If k = 2, we consider the splice in Figure 7. The obtained link coincides with L
by the edge contraction property (Theorem 2.2(6)). Hence the result follows from
Theorem 5.1(b) combined with the statement of the lemma for n = 3..
a1
a1 a2
an
a3a2
a3 an. . .
.
.
.
Figure 7. Splicing when k = 2 in the proof of Prop. 10.1.
So, we assume that k ≥ 3. We need to prove that the signature and nullity
(considered as functions of θ1, . . . , θk) are locally constant on each open (k − 1)-
dimensional polytope Pc = {a
′
1θ1+ · · ·+a
′
kθk = c}∩ ]0, 1[
k
. To this end it is enough
to show that they are constant on each open interval in Pc defined by the condition
that only two of the θk’s vary and the others are fixed. Moreover, it is enough to
establish the constancy along the subintervals of some fixed length. Thus we reduce
the problem to the following assertion.
Let k ≥ 3 and let θ˜2 and θ˜3 satisfy the conditions:
0 <
θ˜2 − θ2
a2
=
θ3 − θ˜3
a3
<
1
a1
, 0 < θ˜2 < 1, 0 < θ˜3 < 1. (8)
Then σL(u) = σL(u1, u˜2, u˜3, u4, . . . , uk) where u˜j = exp(2πiθ˜j), j = 2, 3.
(i)
a1
ak
a2
ak
an
a1a2 an
L 0
+ 1
.
.
.
.
.
.
. . .
1
L
(ii)
ak
a4
aka1a2 a3
a3
a2
a1
a4 an. . .
an
L2 L2
+ 1
.
.
.
.
.
.
1
Figure 8. Two splicings of L1 in the proof of Prop. 10.1.
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Let us prove it. Indeed, let L1 be the link obtained by the splicing according
to Figure 8(i). We have L1 = Seif(1, a1, . . . , ak; ak+1, . . . , an) by the edge contrac-
tion property (Theorem 2.2(6)). By the same reason L1 can be spliced also as in
Figure 8(ii).
We set Aj = ajaj+1 . . . an and u~j = (uj , . . . , uk), in particular u~1 = u. Due to
the splicing in Figure 8(i), for any u0 we have by Theorem 5.1(a):
σL(u) = σL1(u0, u
∗
1, u~2)− σL0(v, u0, u
∗
1)− δL(u)δL0(v, u0, u
∗
1) (10)
where u∗1 = u1u
−a1
0 and v =
∏k
j=2 u
A2/aj
j (the notation δL and δL0 must be clear).
This formula applies when (u1, v) 6= (1, 1) which is the case because u1 6= 1.
Similarly, if (v2, v
′
2) 6= (1, 1), then the splicing in Figure 8(ii) yields
σL1(u0, u
∗
1, u~2) = σL2(v
′
2, u
∗
1, u2, u3) + σL′2(v2, u0, u~4) + δL2(u
∗
1, u2, u3)δL′2(u0, u~4)
(11)
where v′2 = u
A4
0
∏k
j=4 u
A4/aj
j and v2 = (u
∗
1)
a2a3ua1a32 u
a1a2
3 .
Further, for the link L2 (the left hand side of Figure 8(ii)), we consider the two
splicings shown in Figure 9. Then, if (v3, v
′
3) 6= (1, 1) 6= (v4, v
′
4), we have
σL2(v
′
2, u
∗
1, u2, u3) = σL3(v
′
3, u
∗
1, u2) + σL′3(v3, u3, v
′
2) + δL3(u
∗
1, u2)δL′3(u3, v
′
2), (12)
σL2(v
′
2, u
∗
1, u˜2, u˜3) = σL4(v
′
4, u
∗
1, u˜3) + σL′4(v4, u˜2, v
′
2) + δL4(u
∗
1, u˜3)δL′4(u˜2, v
′
2) (13)
where v3 = (u
∗
1)
a2ua12 , v
′
3 = (v
′
2)
a3uA43 , v4 = (u
∗
1)
a3 u˜a13 , v
′
4 = (v
′
2)
a2 u˜A42 .
(i) a1
a2 a1a2a3 an. . .
a3
a4 an. . .
L3 L3
(ii)
a1
a3 a4 an. . .a2 a1a3
a2
a4 an. . .
L4L4
Figure 9. Two splicings of L2 in the proof of Prop. 10.1.
Let θ∗ ∈ ]0, 1[ be such that u∗1 = e
2πiθ∗
1 (recall that u∗1 = u1u
−a1
0 ). Let us choose
u0 so that vj 6= 1 for j = 2, 3, 4 (thus (10)–(13) hold) and θ
∗
1 satisfies the condition
0 < θ˜1 < θ
∗
1 < 1 where θ˜1 is defined by
θ∗1 − θ˜1
a1
=
θ˜2 − θ2
a2
=
θ3 − θ˜3
a3
. (14)
Such u0 exists due to (8). Similarly to (12) and (13), for u˜1 = e
2πiθ˜1 we have
σL2(v
′
2, u˜1, u˜2, u3) = σL3(v
′
3, u˜1, u˜2) + σL′3(v3, u3, v
′
2) + δL3(u˜1, u˜2)δL′3(u3, v
′
2), (15)
σL2(v
′
2, u˜1, u˜2, u3) = σL4(v
′
4, u˜1, u3) + σL′4(v4, u˜2, v
′
2) + δL4(u˜1, u3)δL′4(u˜2, v
′
2). (16)
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Since the statement of the lemma holds for n = 3, the condition (14) implies
σL3(v
′
3, u
∗
1, u2) = σL3(v
′
3, u˜1, u˜2), δL3(u
∗
1, u2) = δL3(u˜1, u˜2),
σL4(v
′
4, u
∗
1, u˜2) = σL4(v
′
4, u˜1, u2), δL4(u
∗
1, u˜2) = δL4(u˜1, u2).
Hence all terms in the right hand sides of (12) and (13) are equal to the correspond-
ing terms in (15) and (16). Therefore the left hand sides are equal as well and we
obtain
σL2(v
′
2, u
∗
1, u2, u3)
(12),(15)
= σL2(v
′
2, u˜1, u˜2, u3)
(13),(16)
= σL2(v
′
2, u
∗
1, u˜2, u˜3).
Thus all terms in the right hand side of (11) do not change when we replace u2 and
u3 with u˜2 and u˜3, whence the same is true for (10). This completes the proof for
the signature. The proof for the nullity is the same. 
11. Some examples
11.1. Singularity link of two transverse cusps. We start with the example
considered in [15, §7]. Let L be the link which is cut out by the curve
(x3 − y2)(x2 − y3) = 0 (17)
on a sufficiently small sphere in C2 centered at the origin. Then L is obtained from
the Hopf link by the (2, 3)-cabling along each its component. This corresponds to
the splicing in Figure 10 where we write the variable names near the corresponding
arrowhead vertices. We denote the splice components by Lj ∪Kj, j = 1, 2, where
Lj is a trefoil knot and Kj is its core.
u2 t2t1 u1
2
13
2
1 3t1
2
1 3
t2
2
13
Figure 10. Splice diagram and splice components for the link in §11.1
The Alexander polynomial of L is
∆L(t1, t2) =
(t61t
4
2 − 1)(t
4
1t
6
2 − 1)
(t31t
2
2 − 1)(t
2
1t
3
2 − 1)
= (t31t
2
2 + 1)(t
2
1t
3
2 + 1).
and those of the splice components are t31u1 + 1 and t
3
2u2 + 1.
−1 −2 −3 −4 −4 −2 −1−5 −3
7/85/83/81/8 10
θ
Figure 11. Π(3 + 1, 0, 1, 2) and the values of σλ(Kj ∪ Lj), λ = e
2πiθ
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By Proposition 9.1, the Tristram–Levine signatures of each splice component
are as in Figure 11. Therefore, by Proposition 10.1, the multivariate signatures
σKj∪Lj (tj, uj) for tj = e
2πiθj , uj = e
2πiϕj are as in Figure 12 on the left. The nullity
nKj∪Lj is 1−| sign(∆Lj )|with only two exceptions: nKj∪Lj (−1, 1) = nKj∪Lj (1,−1) =
0 (the small white circles in Figure 12).
By Theorem 5.1, for (t1, t2) ∈ (S
1)2 we have
σL(t1, t2) = σK1∪L1(t
2
2, t1) + σK2∪L2(t
2
1, t2) + δ(2)(t1)δ(2)(t2) (18)
unless (t21, t
2
2) = (1, 1). In Figure 13 we show the values for two of the three terms of
the right hand side of (18) (the pictures for σK1∪L1(t
2
2, t1) and for σK2∪L2(t
2
1, t2) are
symmetric with respect to the diagonal θ1 = θ2). By summating the three terms
we obtain the values of σL shown in Figure 13. We do not write the values of σL
on the line segments composing the set ∆L = 0, since by Lemma 4.7 its value on
each such segment is the half-sum of the values on the two sides of the segments.
ϕ1 θ2 θ2
−1
0 00
000
0
−20
0
0
0
1
0
−1
−2
10
−1
−2
−3
0 −1 −2 0−1−2 0 −1 0−1−2 −2
0 −1 −2 0−1−2
10
1
1
1
0
0
−1−2
−3 −2
−10
−3
−1
−2
−2
−1
0
0
0
−1
1
10
0
0 0
−2
−2
θ1 θ1 θ1
σK1∪L1(u1, t1) σK1∪L1(t
2
2, t1) δ(2)(t1)δ(2)(t2)
Figure 12. The values of summands in the right hand side of (18)
In fact Theorem 5.1 states that σL is as shown in Figure 13 only for (t1, t2) 6=
(±1,±1). However a correction term ∆σ can be computed using [7, Thm. 5.3] and
it appears to be zero. In the following computation of ∆σ we use the terminology
and notation from [7]. We perform the computation at (t1, t2) = (−1,−1) only.
The Conway potential function of Kj ∪ Lj and that of the trefoil knot Kj are
∇Kj∪Lj (uj , tj) = t
3
juj + t
−3
j u
−1
j , ∇Kj (tj) = (t
2
j − 1 + t
−2
j )/(t− t
−1)
(see [2]). Hence the slopes are κj = (Lj/Kj)(−1) = −(∇Kj∪Lj )
′
uj
(1, i)/2∇Kj (i) =
2/3, j = 1, 2 (see [7, Thm. 3.21]). Hence ∆σ = 0 (see [7, Thm. 5.3 and Rem. 5.4]).
Similarly to the signatures, Theorem 5.1 and [6, Thm. 5.3] also allow to compute
nL(t1, t2) for any (t1, t2) ∈ (S
1)2. It is equal to the number of components of ∆L = 0
passing through the point (t1, t2) unless (t1, t2) is one of (−1,−1), (1, i
k), or (ik, 1),
k = 1, 2, 3 (the small white circles in Figure 13) where it is less by 1.
By Proposition 4.4, we deduce that the Tristram-Levine signatures of L are as in
Figure 14 and the non-zero nullities are: n−1(L) = 1 and nλ(L) = 2 for λ = e
2πik/10
with k ∈ {1, 3, 7, 9}. This fact well agrees with the Seifert form of L computed in
[15, §7] (see however Remarks 6.2 and 8.3).
−7 −8 −7 −3 −1−5
1/2 1
θ
0 1/10 3/10 7/10 9/10
−1 −3 −5 −9 −9
Figure 14. The values of σλ(L), λ = e
2πiθ
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1
1
−1
3
1
−3
−3
−3
−5
−3
−3
−3
−3
−5
−3
−1
1
1
1 3
0 0 −1−2−2 −2 −2 −2−2−1 0
0
−1
−2
−2
−2
−2
−2
−2
−2
−1
0
θ2
θ1
1/6
1/4
1/2
3/4
5/6
−4
−2
Figure 13. The values of σL(t1, t2), tj = e
2πiθj
Question 11.1. Is it true that the slopes of all iterated torus links (all graph links
in graph 3-spheres?) are defined and can be computed by [7, Thm. 3.21]?
11.2. The link at infinity of two half-cubic parabolas.
Let L∞ be the link which is cut out by the same curve (17) but on a sufficiently
large sphere in C2 centered at the origin. The splice diagram is obtained from
Figure 10 by exchanging the labels “2” and “3”. The Alexander polynomial is
(t61t
4
2 + t
3
1t
2
2 + 1)(t
4
1t
6
2 + t
2
1t
3
2 + 1).
Performing the same computations as in the previous example, we obtain the values
of σL∞ and nL∞ as in Figure 15 (as in §11.1, the small white circles mark the points
where nL∞ is one less than the number of components of ∆L∞). The Tristram–
Levine signatures of L∞ are shown in Figure 16. The nullity is 1 (resp. 2) at
primitive 3rd (resp. 15th) roots of unity.
θ2
θ18
6
6
4
2
2
0
−4
−4
−4
−4
−8
−6
−6
−6
−6
−2
−4
−4 0
−2
−5
−4
−6
−6
−4
−4
−2
−6
−6−2
−6
−4
2
−7
−7 −5
−8
6
−8
−6
−8
1/9
2/9
1/3
4/9
5/9
2/3
1/6
Figure 15. The values of σL∞(t1, t2), tj = e
2πiθj
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θ
1/30 1/15 7/15
−1 −3
2/15 4/15
−5 −7 −9 −13 −13 −15
8/15
−15
2/3
−13 −13
11/15
−9 −7 −5 −3 −1
114/1513/15
−14 −11−11 −14
Figure 16. The values of σλ(L
∞), λ = e2πiθ
Question 11.2. One observes that the decomposition of the Hermitian isometric
structure of L∞ is given by the same formulas as in [14], [15] with the only exception
that the factors Λ2λ appear with the negative sign. Is this true for all links at infinity
of affine algebraic curves in C2 or for some natural subclass of such links?
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